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In a recent paper [l], Dowling derives some properties of en(G), the 
lattice of partial G-partitions of a set X of order IZ. He shows that Q*(G) is 
a gemetric lattice and derives a recursion relation for the Whitney numbers 
of such lattices. It should be pointed out that his Whitney 
W(n, r) corresponds to W,+, in the notation of Rota [3]. 
In [ 1, Theorem 71, it is shown that for a fixed G of order rn that 
W(n, r) = W(n - 1, r - 1) + (1 + mr) W(n - 1, r). 
number 
(9 
We shall show that the following theorem is a consequence of thiszresult. 
THEOREM. The Whitney numbers of Q*(G) satisfy 
W(n, i)” 
W(n, i - 1) W(n, i + 1) 2 (+)(---;‘), (2) 
for 1 <i<n- 1. 
Proof. The proof is by induction on n = dim(Qn(G)). If n Q 3, then 
the theorem is true since all geometric lattices of dimension < 3 satisfy (2). 
Assume that the Whitney numbers of Qk(c) satisfy (2), i.e., 
(i)(k - i) W(k, i)” 3 (i + l)(k - i + 1) W(k, i - 1) W(k, i + l), (3) 
for 1 < i < k - 1. It follows easily that 
(i + a)(k - i + b) W(k, i)” 
2 (i + 1 + a)(k - i + 1 + b) W(k, i - 1) W(k, i + l), (4) 
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for a, b > 0, and that 
(i - l)(k - i) W(k, i - 1) W(k, i) 
> (i + l)(k - i + 2) W(k, i - 2) W(k, i + l), (5) 
for 2 < i < k - 1. With the convention that W(k, i) = 0 for i < 0 or 
i > k, (3), (4) and (5) hold for all i. Thus for 1 < i < k, by (1) 
(i)(k + 1 - i) W(k + 1, Q2 
- G + Nk + 1 - i + 1) W(k + 1, i - 1) W(k + 1, i + 1) 
= (i)(k - i + l)[W(k, i - 1) + (1 + m(i)) W(k, i)]” 
- (i + l)(k - i + 2)[W(k, i - 2) + (1 + m(i - 1)) W(k, i - l)] 
x WV, i) + (1 + mG + 1)) W(k, i + 111 
= [(i)(k - i + 1) W(k, i - 1)” 
- (i + l)(k - i + 2) W(k, i - 2) W(k, i)] 
+ [(i)(k - i + l)(l + m(i))” W(k, i)” - (i + l)(k - i +[2) 
x (1 + m(i - l))(l + m(i + 1)) W(k, i - 1) W(k, i + l)] 
+ 2(i)(k - i + l)(l + m(i)) W(k, i - 1) W(k, i) 
- (i + l)(k - i + 2)(1 + m(i - 1)) W(k, i - 1) W(k, i) 
- (i + l)(k - i + 2)(1 + m(i + 1)) W(k, i - 2) W(k, i + 1) 
2 [2(i)(k - i + l)(l + m(i)) - (i + l)(k - i + 2)(1 + m(i - 1)) 
- (i - l)(k - i)(l + m(i + 1))] W(k, i - 
= 2[(k - i)m + m - l] W(k, i - 1) W(k, i). 
Since m >/ 1 and k > i, the right hand side is > 0. 
for all n. 
The following inequality is immediate from (2). 
1) WW, i) 
By induction, (2) holds 
W(n, i)” 
W(n, i - 1) W(n, i + 1) ’ ( 
i+(W,-n)+l 
)( 
n--i+1 
i+(wl--n) n-i ) * (6) 
Another consequence is the following corollary. 
COROLLARY. The Whitney numbers of Q,,(G) are logarithmically 
concave. 
There are easy examples of geometric lattices L which do not satisfy 
(2) where n = dim(L); however, there are no known geometric lattices 
for which (6) fails to hold. 
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If G is the trivial group, then m = 1 and QJG) is the partition lattice 
P n+l. In this case, the Whitney numbers are the Stirling numbers, and the 
above argument provides an alternate proof for the logarithmic concavity 
of these numbers (cf. [4]). 
Similar results have been proved sndependently by Kurtz [5]. 
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